ence and/or probabilistic assumptions, eliminating the need for a sequential approach in those cases. In general, however, option pricing with a stochastic interest rate remains an unsolved problem, and the Banz-Miller estimates may approximate this unknown solution. From an equilibrium-valuation standpoint, their estimates may only be used to value derivative assets of the market portfolio since, with a stochastic interest rate, there exist random returns that have zero expectations, conditional upon various market levels, that have positive prices. This fact may be seen from Section V or from Merton's (1973a) analysis of hedging against opportunity set changes in an intertemporal model.
Anticipating the proof in Section V that the prices of elementary claims on aggregate consumption (or, in one case, the market portfolio) are essential to the pricing of all securities, Section IV presents a comparative statics analysis of the elementary-claim pricing function. In the context of the Black-Scholes option equation, changes in the market's dividend yield, current value, and variance rates are shown to affect elementary-claim prices in economically explicable directions. The structures of elementary-claims prices with respect to their times to maturity and with respect to their values upon which payment is contingent are also examined in Section IV.
In Section V, it is proven that if individuals have time-additive and state-independent lifetime utility functions for consumption expenditures, and, conditional upon each potential level of aggregate consumption, all agree upon the probabilities of states of the world, then each individual's optimal consumption at each date may be expressed as a function of (only) aggregate consumption at that date. Thus it is shown that any Pareto-optimal allocation of time-state-contingent claims to consumption among individuals can be attained by a securities market consisting only of European call options on aggregate consumption at each date. It is then shown that the prices of primitive securities may be expressed in terms of the prices of elementary claims on aggregate consumption, which may be obtained from prices of call options on aggregate consumption by the method of Section II. From this derivation of primitive-security prices, a valuation equation is obtained for all existing securities and capital-budgeting projects in terms of the prices of European call options on aggregate consumption. It is shown that knowledge of an asset's entire pattern of time-state-contingent payoffs is not required for valuation; only the expected payoffs on the asset, conditional upon aggregate consumption at each date, are required by the valuation equation.
The portfolio result of Section V is the appropriate multiperiod generalization of a similar single-period result obtained by Mossin (1973) and Hakansson (1977) . Their single-period result that each individual' s optimal state-contingent wealth is a function of only aggregate wealth is seen to be nonoptimal in a general multiperiod economy. However, if it is further assumed that there exists a one-to-one correspondence between aggregate real consumption and aggregate real wealth (the market portfolio),2 then European call options on the market portfolio maturing at each future date may effect any Paretooptimal allocation of time-state-contingent claims to consumption. In this case, with the assumptions required for the option-pricing theory of Black and Scholes (1973) and its extensions by Merton (1973b) , the prices of primitive securities may be derived in terms of market data that are known or may be estimated and in terms of the probability distribution of states. However, the required one-to-one' mapping of aggregate consumption onto aggregate wealth will exist only for specific preference assumptions, for example, logarithmic utility functions. Therefore, the prices of primitive securities determined from the prices of options on aggregate consumption are of considerably greater generality, as this derivation requires much weaker restrictions on individuals' preferences.
In Section VI, assuming that the Black-Scholes equation correctly prices options on aggregate consumption, equilibrium values are determined for the class of assets with payoffs that are jointly lognormally distributed with aggregate consumption at a future date. These assets are shown to be appropriately priced in a multiperiod context by a capital asset pricing model similar to that derived by Sharpe (1964) and Lintner (1965) in a single-period economy.3 However, the relevant "beta" of an asset's payoff that is necessary for pricing should be measured with respect to aggregate consumption, rather than with respect to the market portfolio.4 Implications of this result for capital budgeting are discussed in Section VIII.
Section VII demonstrates that probabilistic assumptions about the pricing process for claims on consumption cannot be made independently of preference assumptions. Specifically, under certain assumptions, it is shown that the Black-Scholes formula prices options on aggregate consumption correctly if and only if individuals' prefer-2. This paper deals with a single-good model which could be extended to the multigood case if all individuals have the same price index. The existence of a price index that is independent of an individual's wealth requires that all income elasticities of demand be unitary. (See Grauer and Litzenberger [1974] for a discussion of valuation in a multicommodity world.) For the single-good case of this paper, since individuals will be assumed to have preferences that are state independent in terms of the good, consumption and wealth should be thought of as real magnitudes.
3. As this multiperiod model may have stochastic investment opportunities, it is entirely consistent with Merton's (1973a) "multifactor" intertemporal capital asset pricing model (CAPM).
4. The beta of a security with respect to aggregate consumption is equal to its payoff's covariance at time t with aggregate consumption at time t, divided by the variance of aggregate consumption at time t. ences aggregate to a function displaying constant relative risk aversion (CRRA).5
Finally, Section VIII summarizes the major results of the paper and emphasizes their implications for capital budgeting.
II. Pricing Elementary Contingent Claims from Option Prices
An "elementary claim" on any security or portfolio of securities is defined here as a security that pays $1.00 at a given date, that is, in T periods, if the value of the portfolio is M at that time; if the value of the portfolio is not M in T periods, the elementary claim expires paying nothing. This section derives the price, P(M, T), of such an elementary contingent claim in terms of the prices of European call options on the underlying portfolio. The elementary claim may be created by long and short positions in call options having various exercise prices, each with a time to maturity of T; the price of the elementary claim must then be the cost of the portfolio of calls that gives the desired payoff. Under certain assumptions, it is shown in Section V that only the values of such elementary claims on aggregate consumption, that is, $1.00 if aggregate consumption is C in T periods, are essential to the pricing of primitive securities in the state preference model of Arrow and Debreu. For the special case where there exists a one-to-one mapping between aggregate consumption at a given time and the level of the market portfolio at that time, the price on an elementary claim on aggregate consumption will equal the price of an elementary claim on the corresponding level of the market portfolio. For this reason, the analysis will proceed with the underlying security being denoted as "the market" or as "aggregate wealth," although the method of pricing of this section is valid for claims on any security or portfolio. Throughout this paper, it is assumed that there are no restrictions on short sales, that there are no transactions costs or taxes, and that investors may borrow at the riskless rates of interest.
Initially, suppose that the value of the market portfolio in T periods has a discrete probability distribution with possible values of: M = $1.00, $2.00, . . . , $N. Denote the vector of payoffs of a European call option on the market with T periods to maturity and with an exercise price of X as c(X, T); its price will be denoted by c(X, T). For calls with exercise prices of $0, $1.00, and $2.00, the state-contingent payoffs at T, c(X, T) are as shown in table 1.
Note that as the exercise price of a call option is increased from X to 5. In a later paper, derived independently of this paper, Brennan (1977) proves the same theorem with respect to wealth by assuming that aggregate consumption follows a random walk. He also shows that normality implies an assumption of constant absolute risk aversion. process governing the movement of the underlying security's price or of the option's price. Aside from the perfect-markets assumption, the only requirement is that c(X, T) be twice differentiable for (3); even this differentiability assumption is not necessary for the discrete valuation equation obtainable from (1). Individuals' preferences and beliefs have not been restricted, as they will be reflected in the call-option prices.
There may be many different states of the world with the same level of aggregate consumption or aggregate wealth. For example, the distribution of total output among firms may vary over a group of states with the same level of aggregate output. Also, the state description at any date may include the history of events prior to that date. Thus there may be many interesting securities and capital-budgeting projects that are not proper derivative securities and whose values may not be determined by the valuation equation ( 11. In this model aggregate consumption may follow a discontinuous stochastic process. on that portfolio. Again, the market portfolio is used for illustrative purposes.
By differentiating the call-option pricing function, (4), twice with respect to the exercise price and evaluating the resulting function at X = M, the price of $1.00 contingent upon aggregate wealth being M in T periods (scaled up by dividing by dM) is found from (2) For these securities, although they may have the same expected return (approximately), the security paying when the market is low has twice the price of the security paying when the market is high, reflecting the value of negative covariance. In general, the cost of a security paying $1.00 if the market at t* is between Y1 and Y2, Y2 > Y1, is given by G(Y1, T) -G(Y2, T) = A(Y1, Y2, T). Such securities will be called "delta securities" in this paper. From (6), these prices are:
A (Y1, Y2, T) = B(T){N[d2(X = Y})] -N[d2(X = Y2)]}. (7)
The prices of delta securities immediately give "supershare" prices for Hakansson's (1976 Hakansson's ( , 1977 single-period economic model. Garman (1976) (and implicitly Black [1974] ) has derived those supershare prices by assuming that the underlying asset's price follows a geometric Brownian motion. The derivation of (7) is somewhat more general, encompassing all stochastic processes or preference assumptions that give the Black-Scholes equation. Furthermore, the general method of this paper can be used to price delta securities from any call-option pricing equation, c(X, T). Table 3 presents the values of delta securities for various times to 
Equivalently, arranging the asset's contingent payoffs in a matrix of the form of table 3, the asset's value is the box product of its payoff matrix with the matrix of delta prices. This technique has implications for capital-budgeting decisions that are discussed in Section VIII. Of course, as the underlying asset's price changes, or as other parameters change, the delta price matrix will change, causing corresponding changes in the values of derivative assets. An example of this effect is given by Banz and Miller (1978) .
IV. Properties of Elementary Contingent-Claim Prices
The pricing function for $1.00 contingent upon a given level of the market in T periods, P(M, T), as given by equation (5), is the subject of the analysis of this section.t6 In particular, the elasticities of the pricing function with respect to its parameters are determined and interpreted. Note that, since the price of a riskless discount bond is an argument of P(M, T) andf MTP(M, T) = B(T), the partial derivatives of P(M, T) with respect to its other arguments must increase P(M, T) at some levels of MT and decrease P(M, T) at other levels of MT, since the sum over MT remains constant. As the initial level of the market, MO, is increased, ceteris paribus, the probability distribution for future levels of the market is shifted upward. The increased probabilities of "high" levels of MT As the dividend rate is increased, the distribution of the level of the market at time T is shifted downward, ceteris paribus; correspondingly, the prices of securities that pay when MT is low are increased by an increase in the dividend rate, whereas the prices of securities that pay when MT is high are reduced. Mathematically, The previous analyses have considered comparative statics changes in elementary-security prices due to changes in the parameters of P(M, T). These served to illustrate the functional form of the elementaryclaim pricing equation. Now, consider the structure of elementarysecurity prices at a given point in time for various levels of the arguments of P(M, T), namely, the time to maturity, T, and the level of the market at maturity upon which payment is contingent, MT. These will be denoted the "maturity structure" and the "market-value structure" of elementary-security prices, respectively. Observe that the maturity structure is defined for a given market value (payoff level) M, and the market-value structure is defined for a given maturity T. In table 3 of the previous section, the maturity structure reflects movement across a row and the market-value structure is given by movement down a column.
As the level of the market upon which the claim is contingent increases, there are two essential effects on the price of the claim, P(M, T): (1) the probability of the payoff being received may increase or decrease, thereby increasing or decreasing, respectively, the claim price, and (2) the increased wealth of the economy in the payoff states will decrease the marginal utility of wealth, thereby decreasing the claim price. The elasticity of the claim price with respect to the level of the market that it is contingent upon (its exercise price) is O InMT 1.
For very low levels of MT (relative to its initial level), the elasticity will be positive due to the increasing probability of payoff as MT increases from a very improbable low level. For wealth levels of MT that are large, the elasticity of P with respect to MT will be negative due to the effects of both diminishing probability of payoff and of diminishing marginal utility. The logarithm of P is concave in the logarithm of MT as O2In P I <KO. (14) a(ln MT)2 T2 T To verify the statement that, for a given probability of occurrence, as aggregate wealth in the payoff state increases the price of the statecontingent claim decreases due to the effects of diminishing marginal utility, assume that aggregate wealth follows a geometric Brownian motion and consider the following. Under this assumption, the ratio of P(M, T) to the probability of MT is positive, then payoff levels of MT that are lower than the current level of the market MO will decrease in value with an increased time to maturity due to their diminished probabilities of occurrence. For payoff levels of aggregate wealth that are extremely high or low relative to the current level, the d2 term dominates (17), increasing the prices of payoffs at both extremes. This effect is due to the increased variance of aggregate wealth as time to maturity is increased, thus increasing the probabilities of extreme observations relative to the probabilities of more central observations.
V. Primitive Security Pricing in a Multiperiod Economy
In this section, the prices of primitive securities (each paying $1.00 contingent upon a given state at a given date) in a general multiperiod 19 . In (16) it is assumed that (a -r)/o-2 > 0, which will be true if the return on the market portfolio is positively correlated with aggregate consumption. See Section VI for more explanation in terms of the CAPM. For options on aggregate consumption P(C, T)I vr(C, T) is shown in Section V to be proportional to social marginal utility. state preference model are derived from the prices of call options on aggregate consumption maturing at each point in time, with exercise prices equal to the various possible levels of aggregate consumption at those points in time. Given these primitive-security prices, the prices of all assets may be calculated from their state-contingent payoffs. In fact, it will be shown that each security price may be determined from its expected payoffs, conditional upon aggregate consumption, and the prices of call options on aggregate consumption.
The economic model is of a multiperiod exchange economy with a single "real" good; there are F productive units ( the attainment of an unconstrained Pareto optimum, given the following two assumptions: (Al) each individual has a time-additive, stateindependent utility function for time-state contingent consumption allocations, and (A2) all individuals agree on the probabilities of states, conditional upon the level of aggregate consumption at the time.22 Therefore, individuals may disagree about the entire probability distribution for aggregate consumption at each date, but they must agree on the conditional probability distribution for states, for each given level of aggregate consumption. Mathematically, A2 implies that irks = iTrcirtsic, where tk is individual k's probability for aggregate consumption being C at time t, and rtslc is his probability that state s occurs at time t, conditional upon consumption C at t. Theorem 1 may be viewed as a diversification theorem. Consumption paths are the primitive objects of choice for individuals, and theorem 1 states that social risk may be summarized by the distribution of aggregate consumption supplies over time. If the aggregateconsumption endowment at a given date in two states is the same, but the distribution of payoffs across securities is different between the two states, it is not optimal for individuals to vary their consumption between the two states as they would be "creating" risk unnecessarily. Without assumption A2 of conditionally homogeneous beliefs, individuals would wish to speculate on the occurrence of the various states. With A2, the desired speculation by individuals due to diversity of beliefs may be achieved by trading only in options on aggregate consumption supplies, since it is the probability distribution of those supplies about which individuals may disagree.
The corollary states that the allocation achieved by complete capital markets in a competitive equilibrium may be achieved by a capital market consisting only of options on the level of aggregate consumption for each date. Of course, any securities market that spans the vector space of payoffs from these options can also achieve the unconstrained Pareto-optimal allocation of complete markets for time-statecontingent claims.
In an explicitly single-period context where individuals were assumed to have state-independent preferences defined over wealth and homogeneous probability beliefs, Mossin (1973) From the valuation equation of theorem 2 (21), it is seen that the entire pattern of state-contingent payoffs over time on a security is not required for valuation: Only expected payoffs on the security, conditional upon the possible levels of aggregate consumption at each point in time, are needed. Given these conditional expectations for cash flows, any asset may be valued in terms of the prices of options on aggregate consumption for each date by combining equations (1) or (2) and (21). Note that the price of a real discount bond and, thus, the real term structure of interest rates, could be determined if there existed call options of various maturities and exercise prices that were de-nominated in real dollars. Of course, the value of any assetf that is held for one period and then sold at its new value (including any dividend) Vf is the same as its value if it is held forever. Thus a special case of theorem 2 is the following corollary, which states the relation between present value and the equilibrium expected one-period return on any security in the multiperiod economy. 
Equation (26) states that the CAPM may be used to find a riskadjusted discount rate that appropriately discounts expected cash flows to an asset. Each cash flow at a future date to a given asset should be discounted at a rate appropriate to its particular volatility with respect to aggregate consumption at the time of its flow. As previously noted, the correct beta to be used in finding the risk-adjusted discount rate is the cash flow's volatility with respect to aggregate consumption, not with respect to the market portfolio. For capital budgeting, these betas may be easier to estimate than "market" betas, since the cash flows of many projects may be more closely related to GNP or aggregate consumption than to the level of the market portfolio. Furthermore, national income measures of aggregate consumption may be better estimates of "true" consumption than stock prices are of the "true" market portfolio. Irrespective of empirical benefits or difficulties, the multiperiod equilibrium model clearly denotes the relevant risk of a payoff as its covariance with consumption. Two other differences in the multiperiod version of the CAPM of (26) and (27) from the single-period version of Sharpe and Lintner are notable. The appropriate riskless rate of interest for finding the riskadjusted discount rate is the rate of interest on riskless discount bonds that mature at the time of the cash flow, not the current instantaneous interest rate. Also, the expected excess return on the market portfolio in the single-period CAPM is replaced by the expected excess return on the security that pays aggregate consumption at the date of the cash flow.
Finally, it should be noted that the CAPM derived here is valid only for securities with payouts that are jointly lognormally distributed with aggregate consumption. However, the general valuation equations (21) and ( Sections II, III, and IV derived and analyzed the price of a security paying $1.00 at a given future date if an underlying asset had a given value at that date. From these elementary claim or delta-security prices, the value of any stream of uncertain cash flows (such as those of a capital-budgeting project) that depend only on the (uncertain) levels of the underlying asset at future dates may be determined from equation (3). As an example, the value of any asset whose value at a future date depends only on the level of the market portfolio at that future date is easily determined. The relation between the future cash flow and the underlying portfolio may be of any type-not necessarily linear or jointly normal. By multiplying each contingent cash flow by its corresponding elementary price and summing, the "present certaintyequivalent value" (see Hirshleifer 1970, p. 261) of a stream of cash flows is obtained. As usual, firms should choose projects that maximize their present values, net of inputs.
Sections V and VI take cognizance of the fact that not all cash-flow streams can be valued by such arbitrage relationships. In particular, (1) how would the "underlying assets" be priced, and (2) how would streams of cash flows that are not exact functions of another asset's future value be priced? The theory of Section V answers both questions in the time-state preference model of Arrow and Debreu by making a preference assumption and a probabilistic assumption. It is shown that, given the prices of options on aggregate consumption, every asset may be valued in terms of its expected payoffs at future dates, conditional upon the various levels of aggregate consumption at the same dates. Thus, a valid computation formula for the net present value of a set of cash flows has been obtained in a multiperiod equilibrium model in terms of option prices for aggregate consumption. Some estimates of the prices of elementary claims on aggregate consumption will be an object of future research.
Section VI demonstrates that, if the Black-Scholes formula can be used to correctly value options on aggregate consumption, then the present value of a stream of cash flows that are jointly lognormally distributed with future consumption may be obtained by a consumption-oriented CAPM. This result is, of course, entirely consistent with the time-state preference theory of Section V, which permits stochastic investment opportunities. Operationally, the set of "betas" of future dates' cash flows with respect to aggregate consumption at the same dates must first be determined. Then, using the derived multiperiod CAPM, risk-adjusted discount rates for the various dates' cash flows may be determined. Of course, the discount rates for cash flows at different dates will differ according to the differential risks of the cash flows at those dates. Having obtained these discount rates, each period's (unconditional) expected cash flow is discounted by the corresponding rate to find present values. To use the multiperiod CAPM, expected excess returns on securities perfectly correlated with aggre-gate consumption are necessary, similar to the expected excess return on the market portfolio in the single-period CAPM.
Section VII investigated the conditions under which the BlackScholes formula could be used to value options on aggregate consumption. It was shown that, under certain assumptions, use of their formula for these options is correct if and only if individuals' preferences exhibit constant relative risk aversion in aggregate.
